Abstract. Let S be a metric space and let k be a positive integer. De ne^ (k) (S) to be the smallest positive integer m such that for every k m array D = (D ij ) of positive real numbers, S can be colored with the colors 1; 2; : : : ; m such that no two points of distance D ij are both colored j. We improve the best upper bound known on^ (k) (R) from 32 k k! to d4eke, where e is the base of the natural logarithm. We prove a conjecture of A. Abrams that^ (k) (Z) =^ (k) (R) for all k 2 N, extend this result to higher dimensions under the l 1 and l 1 norms, and prove that the upper chromatic numbers are nite for these spaces. We also introduce a new related chromatic quantity of a graph G, the chromatic capacity, cap (G).
teger. De ne^ (k) (S) to be the smallest positive integer m such that for every k m array D = (D ij ) of positive real numbers, S can be colored with the colors 1; 2; : : : ; m such that no two points of distance D ij are both colored j. We improve the best upper bound known on^ (k) (R) from 32 k k! to d4eke, where e is the base of the natural logarithm. We prove a conjecture of A. Abrams that^ (k) (Z) =^ (k) (R) for all k 2 N, extend this result to higher dimensions under the l 1 and l 1 norms, and prove that the upper chromatic numbers are nite for these spaces. We also introduce a new related chromatic quantity of a graph G, the chromatic capacity, cap (G). For^ (1) (S) we write^ (S), and call this the upper chromatic number of S. Observe that^ (k) (S) is increasing in both k and S.
In 9] Greenwell and Johnson introduce the upper chromatic number for Euclidean spaces, and prove two results. First,^ (R) = 3. Second, if there exist r > 0 and l 2 N such that R n is D-colorable for all 1 l restriction arrays D such that D i+1 rD i for i = 1; : : : ; (l ? 1), then^ (R n ) < 1. (k) (R) is nite for all k, and achieves an upper bound of 32 k k!. We improve this bound to d4eke, where e is the base of the natural logarithm (see Corollary 6) . He also proveŝ (2) (Z) 4, and conjectures^ (k) (Z) =^ (k) (R) for all k. We prove this conjecture in Theorem 8.
In Section 2 we apply the compactness principle to reduce our problem to that of coloring nite sets. In Section 3 we interpret^ (k) (S) in terms of graph theory, prove a su cient condition for an edge-colored multigraph with bounded degree to have a compatible vertex coloring, and obtain our linear bound on^ (k) (R) as a consequence of this result. In Section 4 we prove that^ Observe that a D-coloring of F corresponds to a compatible vertex coloring of G(F; D).
Our rst theorem on compatible vertex colorings of edge-colored multigraphs uses the Lov asz local lemma (see 2, pp. 53-55]), which we state here for completeness. In the lemma, Pr(A) denotes the probability of the event A, and e is the base of the natural logarithm.
De nition. The directed graph H = (V; E) is a dependency digraph on the events A 1 ; : : : ; A n of a probability space if V = fA 1 ; : : : ; A n g and for all i 2 n], the event A i is independent of all boolean combinations of the events fA j : j 6 = i; ( Note that neither of these proofs rely on the niteness of^ In the next theorem, we write R n 1 or R n 1 to indicate we are using the Thus, if r 1 + r 2 + + r n = 0 for some odd n, we have a contradiction.
For n odd, we can rewrite (2) as (p x ? n x )x + (p y ? n y )y + (p z ? n z )z + (p t ? n t )t where p i is the number of times i appears and n i is the number of times (?i) appears in (2), for each i 2 fx; y; z; tg, and p x + n x + p y + n y = 1 + p z + n z + p t + n t :
We can further rewrite this set of sums as the set of all integer linear combinations c x x + c y y + c z z + c t t where c x + c y + c z + c t is odd.
Since (3) is symmetric in y, z, and t, we may assume y is even. Since x is odd, yx + (?x)y + 0z + 0t = 0 is of the form (3), so Z is not D-colorable. 
